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Abstract 



We define a class of deformed multimode oscillator algebras which possess number 
operators and can be mapped to multimode Bose algebra. We construct and discuss 
the states in the Fock space and the corresponding number operators. 



Recently, much interest has ben devoted to the study of quantum groups [|TJ 
and to generalizations (deformations) of oscillator algebras @] @ • Any type 
of single-mode deformed oscillator can be related (mapped) to a single-mode Bose 
oscillator . Deformations of multimode oscillators have also been studied f7j. For 
Pusz-Woronowitz oscillators covariant under the SU q {n){SU q {n\m)) quantum al- 
gebra (superalgebra) @0 and anyonic-type algebras || there exist mappings to 
multimode Bose algebra. However, there are deformed generalized quon algebras 
|| for which such mappings do not exist. It is essential that all these algebras are 
associative and the R- matrix approach to them has been pursued [TIJ. Multimode 
deformed oscillator algebras are important in possible physical applications, for ex- 
ample in q-deformed field theory || and generalized statistics JT2| . 
Our aim is to define and analyze a general class of deformed multimode oscillator 
algebras which possess well-defined number operators for each type of oscillator, 
and can be mapped to a multimode Bose algebra. These mappings can be viewed 
as generalized Jordan- Wigner /Klein transformations. We discuss the corresponding 
algebras. For special values of parameters, one recovers all known such algebras 
H1H1 PI H PI IB fflOfl ■ Finally, we construct and discuss the states in the Fock space 



and the corresponding number operators for deformed oscillators. 

Let us define the annihilation and creation operators 6 i? bf, (i G S) satisfying 
the Bose algebra 



[bi,bf] = 8ij, ViJeS 

(1) 

Mi] = o 

where S = 1,2, ...n or S is a set of sites on a lattice. The number operators Ni 



satisfy 

[Ni, bj] = -kSij , ViJeS 

[N l ,b+} = bf5 lj (2) 
Ni = btbi, Vi,jeS. 

Now we define generalized Jordan- Wigner transformations of the above Bose 
algebra, equations (1) and (2), as 



a i = b i e^i y^V^ ^ 
where Cij are complex numbers and tpi(Ni) is an arbitrary (complex) function with 
ipi(0) = 0, lim e ^ = 1, |v?i(l)| = 1, Vz £ S. We assume that \ipi(N)\ are bijective, 
monotonically increasing functions or that ifi(N) = implying of = 0. The 

mappings (3) generalize the mappings considered in [f7[] [jTD|] . 
It is important to note that the number operators are preserved, i.e. 

N (a) = N (b) =^ G S. (4) 

Then it is easy to find the corresponding deformed algebra: 

didj = e 3 ^ajcii, ! f j 



(5) 



afdi = \ipi(Ni)\e^i 



Note that a\ 7^ 0, unless biipi(Ni)bi<pi(Ni) = . For example, if <fi{Nij - 
then af = 0, implying the hard-core condition for the i th oscillator. Generally , 
there are other mappings of Bose algebra, equations (1) and (2), but, in general, 



they do not have the number operators Nj; a \ and equation (4) does not hold for 
other mappings than those in equation (3). 

We point out that the complete deformed algebra is associative owing to the 
mapping of Bose algebra. The Fock space for the deformed algebra is spanned by 
powers of the creation operators af,i G S, acting on the vacuum |0 >( Q )= |0 >( b ) = 
|0 > . The states in the Fock space are specified by the eigenvalues of the number 

operators iVj, namely |n l5 n 2 , ...rii.... >( a )= ...n-j >w .(If there exists a 

number nf G N, such that tp^nf^) = 0, then Ni = 0, 1, ...(n^ — 1)). 
States with unit norm are 

ni n n >= / 1 ; = e 2 ^ J v J l] ' J 0, 0, ....0 > 

V [^i( n i)l ! [^n(n„)]! 

[ip{n)]\ = (p{n)<p{n-l) y3(l) ( 6 ) 

(pi{ni) = |v9 i (n i )|e (c " +c ^ )n \ 

where % is the step function. (For anyons in (2 + 1) dimension ||, 9 is the angle 
function.) 

Furthermore, the matrix elements of the operators di,af , % G S, are 

< ....(n; - i)....\ai\....ni... >=< ...ni....\af\....(ni - 1).... >* 

(7) 

We also find for any k — 0, 1, 2, .... that 

iv-w^* - few r k Y^A c n+ c *,) N i 

(°) 

\ a j ) — [fy(Nj)]\ e 

The norms of arbitrary linear combinations of the states in equation (6) in the Fock 
space corresponding to deformed algebra, are positive definite owing to the mapping 



of Bose algebra, equations (1) and (2). Namely, \ni,ri2, ...rij.... > 



(a) : 



\n 1 ,n 2 ,.-n i .... > (fe) = |rci, n 2 , ...nj.... >. 



This class of deformed multimode oscillator algebras comprises multimode 
Biedenharn-Macfarlaine 0], Aric-Coon 0, two-(p,q) parameter |T1| , Fermi, gener- 
alized Green's |12|] [|L| , as well as anyonic || and Pusz-Woronowicz (with or without 
the hard-core condition) oscillators covariant under the SU q {n) (SU q {n\m)) algebra 
(superalgebra) [0. 

Non-isomorphic (non-equivalent) algebras are classified by different matrix ele- 
ments given by (7), i.e. with the functions ^(ni,n 2 , ...n n ) = |</? i (n i )|e^-'^ Ct,+Ci ^ n: '. It 
is important to mention that there are mappings of Bose algebra which do not pre- 
serve the relation N$ a) = N^ b \ given by (4). Moreover, there are mappings of Bose 
algebra for which the number operators N-^do not even exist. Such an example is 



the exchange algebra presented in WA 



Finally, we construct and discuss the number operators .Let <Pi(rii) be bijec- 
tive mappings. Then, using equation (3) we have 



(9) 



Ni = btk. 

The spectra of and coincide. In this case, 

afa^g^N,,^,...^-) = \<Pi(N^\e^ (cii+ ^ )Ns . (10) 
Let us denote and remark that Xi commute with any Nj and among 
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(11) 



themselves. Then the TVj operators can be written as 

= Ni(xi, ...X n ) = J2k=0^2(h...i k ) k^^-dxi dxT )x=o{ x ii x i 2 X ik) 

iVi(o,o, ..o) = 0, Vie S. 

The coefficients in the Taylor expansion can be obtained from (10) 

g i (N 1 ,N 2 ,...N i ...)=x i , Vi <E S (12) 

namely from 

, &°9i(N 1 ,N 2 ,...N i ...) 

( a: — a: > x=0 ~ d * ld J»- (^ 

Udj h-- Udj 3k 

These equations give a set of recurrence relations for the coefficients in the Taylor 
expansion of as a function of the variables Xj, j G S. For example, 

cf EE (7^=0 = 

f - (gU = (14) 

(0 _ i/ a 2 jv, \ _ i/ a 2 . 9 , y (0 Q-) W 

— 2\dx j dx k ) x=0 2\dNjd N k ' Q ^i C j °k ■ 



Specially 



^ dNi >° 



c§ ; = -|(^ + ^W (15) 
c$ = 0, j^, 

where gi(Ni,N 2 , ...Ni...) is given by equation (10). We also mention the following 
result. 

If there exists a continuous mapping defined by (3) from Bose oscillators to de 
formed oscillators, then the number operators exist and can be written in the form 

N i = xM i > + '£c?x j + ...] (16) 



where Xj = djdj. 

For example, let us consider the n-mode Pusz-Woronowicz oscillator algebra@ 
(of Bose type, covariant under the SU q (n) quantum algebra), q G R : 

(Haj = <r h j 1 djo, 

didlj = qa+cii, i ^ j (17) 
didf = 1 + (q 2 - 1) J2j f) n"j "j + Q 2 af a i- 
There exist mappings to the Bose algebra (1) and (2) with Cy = Oij In q, 
<p(N) = q q 2~i ( see Table 1). Hence, we can calculate the coefficients in the expansion 
(16). Using equation (15) we obtain 

(i) _ g^lx.. 

(18) 

When q 2 — > 1, then c$ — > 1, whereas — > 0, etc., and — > a^a,. However, when 
— > 0, all coefficients diverge and the expansion (16) is not valid. Note that when 
q = 0, the mapping (9) becomes singular, but one can still define the corresponding 
number operators. For q — 0, the Pusz-Woronowicz algebra (17) reduces to 

didj =0, % < j 

a ia + = 0, i^j (19) 
didf = 1 - y.j l) ;,"j 

Therefore we also present the number operators in another form that holds for an 



arbitrary algebra having number operators, and holds even for q = [ 1 2 



fc=l w£S k ji...jfc 
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where Sk denotes the permutation group and d^j 1 ...j k ),j 1 ...j k are the coefficients of 
the expansion. 

For the Pusz-Woronowicz algebra the number operators in the above form (see also 
@) are given by 

oo k 

fli = £ ft* <(4) fe_J ' +1 («0*~ i+1 « P1 (2i) 

k=oj=o pi-—Pj 

with the conditions co,o = 1, = 0, j > 0, and with the recurrence relations 

_{l-q 2 ){l-q 2 i) 2 . 2 

Ck+l,k+l-j — " _ 2 (j+l) C fc,fc+l~i + 9 U — <7 ) C k,k-j- (22) 

Starting with co.o = 1, we find that 

Cfc,i = c fcjfc = (1 - g 2 ) fc 

(23) 

C fc,0 — ]_q2(fe+l) ■ 

In the limit — 1, the number operator is iVj = afdi. In the limit g = 0, all 
coefficients are c^j = 1 , VA;,j . This result is similar to that found by Greenberg 
for quons with q = 0. Finally, for tp^Ni) = - , the number operators, 

iv/*^ 7^ ^V"/ 6 '', are simply 

A/f = a\ a, = b+k[l - Q[n % - 1)]. (24) 



We conclude that we unify and generalize the results for the states in the Fock 
space and the number operators for the mappings of multimode Bose algebra pre- 
sented in Table 1. 
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Table 1: Parameters Qj and fi(Ni) for the various deformed algebras.We use defi- 
nition [x] p = ^Er- 



type of oscillators 


Cij 




Bose 


inXij, Xij - Xji G 2Z, Vz, j 


Ni 


Fermi 


inXij, - X^ G 2Z + 1, 


W-i 


Green's oscillators 


in X^, X^ - Xji G Z, Vi, j 


[Ni} ±1 


Anyonic-type [10|] 


in X^, X^ - Xji e R, ¥/'../' 


[Ni] ±1 


Anyons [§] 


iA%, A G R, 8ij is angle 


[Ni]±i 


Pusz-Woronowicz (Bose) | 




% In q, q G R 


[Ni] q * 


Pusz-Woronowicz (Fermi) 


1 


%ln(-g), q G R 


[NiU 


SU q (n\m)-covaxiaxit (Bose) oscillators [|7| 


6*jj In g, g G R, z < n 




<S , J7 9 (n|m)-covariant (Fermi) oscillators (7| 


9ij ln(— g), g G R, n + 1 < i 




Biedenharn-Macfarlane |3 




--Sijlnqi, qi G C 




Arik-Coon § 


0, % G C 
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